
- - —

1’AD~AOLe6 381 WISCONSIN UNIV MADISON MATHEMATICS RESEARCH CENTER F/S 12/1A REFINEMENT OF KOLMOGQRQV’S XNEQUALITY. (U)
SEP 77 A S CAVARETT A DAAG29—75—C ..0024UNCLASSIFIED MRC—T5R—1785 

• !1  

~It:__ 
_



-~ --— 
______________

~

‘1 —

J 

‘~~1

MRC , Technical  ~
‘uininary Rep~~~t~ 1788

A 1~EFINEMENT OF KOLMOGOROV ’ S
— INE QUALITY .

s /cavaretta ~~~ \
~,~~ 1

•

- 

- .-  -

~~~~~~~~~~~~~~

Mathematics Research Center C~.University of Wisconsin—Mad ison
610 Walnut Street ~ v~n \‘~\~\
Madison , Wisconsin 53106

Septe~~~~r 1977 — -—
~~~

I Augus t  18 , 1977) ’

_
~

j
~ 

‘
~~ IL” ‘‘  — .. 

~
‘ — I — 

— 

~ ~Y /
Approved for public release

~~~~ Distribution unlimited

- ~ ~~~~ r~ d by

U. S. Army Research Office
1 . 0 • Box 12211

~ir~-h Trianqie Park
North Carolina 27709 / - j

~~~

- ~~~~~
--



U N 1 V E R . I r ’~ 01’ W 1~~~’~~:-~: . l ~ — MA1 ) lc~~N
1~\i’ i1I- :~- ,A1 iC.  ~d• J :~~~~ H T l N

A REFINEMI NT 01’ 0 NM ,OkOV S INE QUAL ITY

A .  S .  Cav ar st ta  • Jr.

T e c h n i c a l  Suinn i~iry I~eport #1788
st-p~ ernber 1 )77

ABSTRACT

For any n—times differentiable function f with uniform bounds on f and

f~~~ , we study the pair of values (f(3) (t), f (J*fl (t)) for an arbitrary r~ s~

t and a prescribed j = 0 , . .  ., n — 1. A qiven value of Ct) determines

admissible values for Ct ). 1’h s ~ values are exactly determined in terms

of the Euler spu me .~~ ( t )  . sp~~~i s 1  d i r  t~~~i~~~~~t ratio n formulas of cardinal inter—
n

polat ion typc  are  developed to so lve the problem .
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SIGNIFICANCE AND EXPLANATION

A simple physical application of the problem solved in this paper is the

following : Given a motion f(t) constrained to lie always in a certain

interval and always with a bounded acceleration f”(t), best possible bounds

for the velocity V (t) can be given. It is intuitively clear that the bound

on the velocity f (t) at time t depends on the position f(t). We study

this situation, and more generally the case of pairs of derivatives of higher

order.  
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(n) 1 i(— 1) 1’. Cs )  = ‘, when v — — < s < v +

if n is odd and v any inteqer ,

n— i
-— + - v2 (n )(—1)  E (s )  = y when v — 1 < s < v

n fin

These properties characterize E (s) and arc suffi ci ent for our purposes.

For conve .tience , let us denote by P all those functions f satisf y in g  the

hypotheses (1.1) of the Theorem. Now for each ~ = 0,1,..., n — 1, d e f i n e

A . ((f~~) (s), f~~~
4fl 

(s)))

where f ranges over the whole class F and s ranges over the whole real axis.

Since F is invariant under shifts of oriqi n, we may Set s = 0 or any prescribed

value t if convenient. When we v iew A .  as a subse t of the x — y plane with

x = ~hi ) ( s)  and = f (34l) (s)

several qeolne tric featur es hec-orn e imm e d ia t e l y  o hv i ou ~. , Fitch A . i s  convex . lU so as

f f F imp l i e s  4 f ( ’ s) C F , we e a s i ly  - n t a l ’ l i s ) i  t hat  A . it ;  aym I :~e t I ’i c -  in each a x i s .

And f r o m  t ite  Kolmogoi ov Theorem wi c o n c l u d e  t I j t  A is a bounded t , i - t ;  more p rec i se ly ,

it  is c i r c u m s c r i b e d  by thc re - i a ny le itt-ic- i  n i t . i d by t1~.- its ’ ’:. x = and y ±y
41

A comp 1et~~ dcs cr ip t ion of A . i s  q iv i  n by the fo l

Theorem 1: Let 0 < j < n — 2. ‘lb. & . u ndary  of A . i i ;  q iv i ri 1. i r a r i c t  r i - a l l y i n  t

the c u rve

x(t) =

y (t) 
j + l )  

(t)

Si nce E ( t )  is period ic  w i t h  j i i ’r iod 2 t he  boundary of A . is pa rametcr i z ed  over the

f i n i te  i n ter v a l  10 , 2 )  a nd in , of course , a simp le closed curve . For j 0, the

result  ii; a l ready implicit in Kc.lmoqorc.v ’s paper of 1939 14) . This case is formulated

thcre as an auxili ar y inequ a lity used i i i  the induction proof of the am result (1.2)
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on norm i n i ’-_l u ,illtit-s . The can ’. -  j  = — I is CX ( ’I’ 1’t l u l t a l  j t ~ ( N o ,  A rc. .1 - ; - ’ . ’ ’ ;  t ,
n — i

a r e c t a ny l  e. The c:~xitnibut ion of the ~-re~~ ’nt 10 1c r  i i  ~-s i n  i t  a m et  hed~ i i . ] t he c - c i a

j 1,..., n — 2. In §2 we } ‘li’ar-n t c e rt a i n  i i i t o i - 1 l a t  io n  frirniu l o: c f  caidi na l t y ~~ ’

use these to give a proof of Theorem 1. We derive the --v forinulan j~ § 3 .

_ _ _ _ _ _-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘~~~~~~~~~~



§2 . Some for mulas of card inal type ; a i z ’oo~~ o f T ~ ec’rcm l.

We could define the sets A - for function classes other than F . For examp le,
3 n

let B denote all entire functions of exponential type ii which when restricted to

the real axis are uniformly bounded by 1. /ts above , put

A = ((f(s) ,f’(s))If C B ,  s r e a l)

For A we have a

Proposi t ion .  The boundary  of A is g ive n parametricall~ by the curve (cos i i i,, -it sin it t ).

This proposit ion is i m p l i c i t  in  ea r l ie r  work of D u f f i n  and Sc h a cf fer  13), and indeed

follows quite easily from a formula of I’olya—Szego 17; III , 165] . Our use of this

fo rmula demonstra tes  the method by which  we w i l l  der ive  our Theorem 1.

Proof. We exploit  the f o l l o w i n g  formula , va l i d  for  any f C B and any t,  real or

complex: 

= .:
(2 .1) Scosst 1(t) — n i n s t -  f ’(t) = 

~
‘ 

~~ 
(—1) ~~~~~~~~~~~~ 1( v)

(t—v )

= ~ A f ( v )
V

where the last, e q u a l i t y  n: . ’r ely  ai rves  t o  d e f i n e  the c o e f f ic i e n ts  A of the f o r m u l a .

Note tha t when t is real

sign A = ( f l
U

unless  t is an m l  . .~ei f i t  them a l l  bu t  one of the- It v an i sh .
v

Now as in the i ;tio ’lu -t ion A is  viewed as a convex subset of the x — y plane .

So A has a supporti ng l i ne  w i t h  tio l-mal vector  (m ,B ) , see F i g u re  1, and th~ pos i t ion

of th i s  l i n e  is  d e t e r m i n e d  by

(2.2) niax {mx + By ~(x ,y )  c A )

Setting

(2.3) ‘i = iicosimt , ~ = — s m u t

for an app ropr iate t , we see that the c’orrespondinq quantity in (2.2) becomes

(2.4) ucosur t f(s) — sm ut f’ (s)

—4—
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F,

y = f ’ ( s )

— 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Figure 1

which must ,  be maximized over all  f ~ B and over a l l  r ea l  S. But B is i n v a r i a n t
ii 11

un der  s h i f t s , so we may jus t  as well t i lke  s = t in  ( 2 . 4 )  and so recover the lei t hand

side of ( 2 . 1 ) .  Given the a l t e r n a t i n g  s igns  of 11 , fo rmula ( 2 . 1)  then makes clear  t h a t ,

( 2 . 4 )  w i t h  5 r i - I - i  .v:eU by t is m a x i Oiz e d  when the func’t i O t I f(s) is coslis; hence

(coss t , — i r s i n t i t )  r

This r , ’s I I l t  per si s ts  for every  t , and va ry ing  I wc~- g enei’atn ’ every norma l d i r e c t i o n

(a ,~~) as ace!; from (2 .3). Thus ( cost i t  • —isinat) th-: ’.-t I bes the f u l l  b - ~~ond ~~ry  of A ,

as was t0 i.e nbuiw ~;.

A f t e r  t h i s  ah:u ;  t d iy r e s nion , we r - i ,u i - n to our t r i m  i n t e re s t :  the f u n c t i o n  c l a s s
n

and thi ’ ( I ’ r i ~~~~~~~~” : t ; n q  :c-ta A , ,  j = 0 , , . . ,  n — 2. Our m a i n  goal  it. a clot -c; of foi i:: i i:;
3

analogous to ( 2 . 1 )  . The e~~j at  , ‘ t ; : - ~’ a m t l  c h,iicict t r  of  t hi  ‘ i ’  forni ;i las I I;  the cont (lit o h

T l t i - r i r c ’rn  2 :  F i x  n amid j w i t h  n > 4  a n )  0 <  j < n — 2. l l l so  f i x  a i . ’ , i I  v a l u e  I’ .

Then f o r  any f c F we have

(2 . 5) I~~~~(t+~~ ) f ( 1+ l ) 
C t )  - ( t~ ~ ) f o3 ) 

(I.) = 

~~
=_= 

A f ( v ) f K ( ) f (n) ( s ) ds

where

i) ( 1 )
V

/t 0;
V

i i )  K ( s )  in , e x - ,-1’r for  a dja.s. ntinuit y at  t , a cardinal sp linei of degree

(2 .(.) n — 1 with L i e - t a  at  the i n t e g e r s ;  the discontinuity at t is in

d K~~
’ 2

~~

iii) fi r n even

— 5 — 

. ,
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- 1 1( — I )  2 K ( s )  > 0 if V — — < a - ‘a 4 
2

f o r  ti odd

n-I
\1+

(— 1) 
2

K ( s) ’ O  if v — 1 . ~~s . z v ;

iv)  both A and K ( s )  tend e~~~~n en t i a l 1,y t o  0 as and st

tend t o  i n f i n i t y .

Remarks .  The A and K ( s )  both depend of c o u rse  on I , but  we do ttci t indicate this

in the notation . Formula (2.5) is valid for every f w i t h  f
(n )  

e s s e n t i a l l y  bounded

and f~~ ~ abso lu te ly  conti nuous.  The case j 0 and t an integ er is exceptional

as then the left hand side of (2.5) collapses to a m u l t i p l e  of f(t) .

The pr oof of Theorem ‘ , which  is t e c h n ir i l ly  conip l i c at e cl , wi d e f e r  to §3. Here

ins tead we give in detail some t ;j-i’ ~~i a1 ci :;es and then ind : ’ a t t ’  how (2.5) and (2.(.) are

u’ -rove Theorem I . We observe  tha t the  very e x ia l - iN - .’ of f o r m u l a  ( 2 . 5 )  w i t h

- es (2 .s) i s  enough to e~~t .i1,] , , h  t u e  e x t :  :s,:1 I c i e r  ty  of F C s )  g i vet ,  in

For our fi t t;t - x - i n  - h e  of I b; ’ I y~ if fo r m -n i l , ‘o~~t i ned i t  T b ; , ’o i  ‘n 2 , se t n = 3

and 3 = 0. We f i n d th; ’tt for 0 t

(2.7) 
~ 2

(t4 ~ )f ’ (t) - E ; ( t +  ~ ) f ( t )  ‘l(t l)
2
f(o ) - 4 t 2 f ( i )  + f K

t,
( S ) f ~~

3
~ ( s )ds

where

( 2 ( I _ 1 ) ?s2 o < a ‘

K
t

( S )  =

~~ 2t
2
(n— fl

2 
t < s < 1

Note that K
r
(s) > 0. There ar e  formulas s im i l a r  to (2.7) for other va lues of t; but

due to t h e  :-y r e i ’t n i e s  of A
0 

, (2.7) is su f f i c i e n t  lot our needs.

For n = 3 , = 1 and 0 -‘ I < 1 the i cqu i re d  f o rm u l a  is

(2.8) F (t  4 ) f ° ( L )  - k”(t+~~ ) f  I t )  = 81(0) - 0 1 ( 1)  K
~~

( s ) f
~~

3
~ 

(s) ds

where 

_ - -----~~ - --~~~ -~~~~-- -- - -~~—-~~~_- -_ _
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I

(4s
2 0 < s < t

K t ( s) =

L. 4 (s_l)
2 t < S < I

Wh et ; t = 0 , we i n f e r  by con t i n u i t y  t h a t  the c oe f f i c i e f l t,  of f ( t )  in  (2.8) is —8;

( 2 . 8 )  thus  r educes  to the  Tayl or - expansion for  f ( l )  about the o r i g i n .

The case ci = 3 and ,tlso n = 2 , which; Wc omit . ar e  exceptional  in t h a t  our

fo rmulas  are f i ni t e  in n a t u r e .  The s i t u a t i o n  changes  f o r  n > 4 , for then we have the-

f u l l  force  of Theorem 2 amid t h e  formu l a are  t r u l y  of c a r d i n a l  t ype , i nvolving a l l

i n t e g e r s  v a:; nodes and k i t  n e l s  K ( s )  stip~~arted  on t,he e nt i r e  r e al  a x i s . The first

sue); v. ;‘r; Ouite ’r i t - -  f a r  n = 4 at id j = 0:

( 2 . 9 )  E3
(t + ~~~) f ’ ( t )  - L’ (t4~~~)f(t) = ~ + K ( s ) f 4

~~~s) dt;

wb. - x e

(a 1
( t ) A

U , v > i
i )  A = /

~ \~ a 2 ( t ) A ~~, v < — l

A
1 = — i i  2VT~ = - .0- 1 5 5 4 b ~ , A 2 

= A ’

(l_ \
,
)
2

ii ) 1 :-i C < t~ ,
- and i; 

A(2.10) . 
1

1 4 A  1
a , I t )  - -

I 
~~ 

t~~~~( h t
2

’ 3 )  + ( I ) ’ 
~~~~~ et

3
~~, i = 1, 2

a 
2 [ ~ 

A
1 j

A = u i (  ) = - 1 ( 4t 2 — l )  + b t
2
(4t

2
43)

i i i )  K ( s )  in  ,; ch ’ii a1’) inc w i t h  knots at the i n t ege r s  and at t; and

( f l
V

K ) ~~ ‘ 0 for V - < S C V +

At ,  i - . ’ .y : i l i ’ u l at  ic .;; f r - r n  i i )  :.h;awr ; t h a t

a U ’ ) > 0 , i 1, 2 and A ( t )  > 0
1 0

b a r  w i t h ;  , < 0 , i = 1,2 , i )  im p l i e s
1

> 0 for  a l l  V

—7—
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Ct~~~ ’eI  i t  i t ; . 1  the s ign r equ l ar i  ty of K ( s ) y t v ot i  by i i i)  , we m ak e  a nor i (‘S ; , t  r + - , u , , r k  a .

l i - s  our ;‘e r ,r t t  t i ot i on  of K ( s )  in  §3 , i t  w i l l  lie - l i ’ , ; i  t l ;a t  K I n )  l;as s i r ; - l o  va -t o:.

a t  every 1 o i l i t  V + . Once K is c o n a t r t ; ’ t  ,b ( 2 . 1) emerges  wh en  cc ;nte .j i at O  by

}-aat . s  the  r em a i n d e r

K ( 5 f 4

~~~
S d:’ -

I t  f o l lo w : ;  t h a t

K ’’ ’ ( i i  - K~ ( 1 — )  — A
1 

> 0

(s )  > 0 , 1 a - - 2

a ; ; )  i i  l a r t  ; a u l a r

> ~

A n t i c  i 1 , ;’ n - b c-ass i h t  .;t tons  of ~3 , we fn ;d  N r i - i — ( ; .‘ h )  a i gn  b ;,;r: ’t ’: in the -e- q; .’n;-r

~~ K (  ~
), K”V ), K . ”(~~~)

It — n - a es

> 0

T h i s  t i - i - - ) l R - r  wi t h I ) ’ ’ or ;-bo ; ‘ :‘ic , s of I V )  at  V + y i e l d .s t i n ’  ; r t  t a t t l e r  si gn

I t I er ;; i i i )  of ( 2 .  10)

When t = ~ ( 2 . 9 )  h i , - , e r - a  , f i ; : ” ; l .,  1 - r  f ’ ( - ~.- ) :  i t  is , +1 1 . - c  m ul t i l - l i ’ a tlon by

—1 , J r e ’- i :  .‘), y tb ; e  f e r r . a l a  g iv e;  1”’ ; ) ; - ’ ; ) - :  t in I~ ) ~ , 1  , ; ‘ ; ; i n  i n  V ]  , as is seen when

( 1. 10) i s  i ’ve) - ; , ; t aj for t ~~
. ~t ’ ra  9 - 5 0 ; ; 11’ ,’ I i ; ’ -  b r ine l,:s of 3’) ;’ , - - . . 2 r educe  to

formu las of C. < h i - H r  - n h  I ~~~~~~~~ - h  - a rib ’ t r ( I  w I n - : ,

j cv: a ir:h t —~

ar

j odd and t 0

I n the e;,n - j  = 0 a ; ;  I t = ~, the f o rmr r r t l  a ha;’. ,i l ~o I -c - en  c-st m t  i sh ied by C .  A .  M i c c - h e I  i i  ( 5 )

For r+ = 4 and j = 1 the  fo r n r u l  a i s

( 2 . 9 ) , E ( ti ~~) f ” ( t )  - E~ (t+ ~ )f’ (t) = 
~ 

A f ( v )  
~ 

K V ) f~~
4
~ (~~)d :-

— 8 —
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I

w i t h  A and K ( s )  g iven j u s t  as in (2.10) Cx C e ’}’t t h a t  i i )  is replaced

(2 —1 0) , a . ( t )  [A
1

_ 1  
(4 t 2 + l)  + ( - 1 ) ’ 

I 

~~ 
4t]. i = 1,2

A
0 

= 1t
0

( t )  = 6)14t 2+ 1 ) ,  0 < t <

C lea r ly  A (t) > 0 as ar e a ,(t) , 0 t < 
i— . Thus the A of ( 2 . 9 )  have the d e s i r e d

0 a — — 2  V

s ign p a t t e r n  ( _ l ) VA > 0.

And as a last  e x a m p l e  fo r  n = 4 and j = 2 we -aave

( 2 .9) ,, ( t4  ) f ’ ’ ’  ( t )  - It’~~’’  ( t+  
~~

- )  f ’  ( t )  = ~~~f (v )  + f K ( s )  f ( s ) d s

w In - ; - - t;c ;w i i )  of ( 2 .  10) i t -  rep l .c ’d by

1 — A
1

= a 2
(t )  — 24 .

( 2 . 1 0 ) ,,

A
0 

= 48p

1 I , t v t  ;;- ~ t F inn ;  n -o r ;: I n i ;  1 our  .‘xampl en of some of t,hc’ formal as c o n t a i ned  an  ‘i’ i ;c ’nr  cia 2 ,

we now use tb; - 9i-t ; : 1  f e r r r : u l a  t n  p r c \ a  ‘l’heorem I . The ]rq -s ’;  i t t  i n  a l o ng  l i n e s  v: t -y

l i k e  I ) ; n i ; -  - ;5n’ above t o  3 c i v.  th e -  Pr o p o s i tio n  :- o r ; : , -r r  i f l r j  A f r o m  t b -  P o l y a — I z a r o

fo r  ; a l i  ( 1 . 1)

Pro; f ‘ I N .  e r , -;:: 1 . La ’); A . is ;; n ’;~ r ;v x set ,  ;;nd so < ‘en ha’ e - r n j - l e t e ly  described i n

t e r ms  n h  it : s u s i a of : n g - } - : r  t .~~~ J ust  as in th., pr;of of the Or a l - c a l l  ion , d e t e r m i n i n g  the

) ‘ - a i l  i ou o f  t h ’ ’ nn~ - ; - c : i t  nsq I inc -s  in  a g ive;; d i r  l ion w i t h  not - sal (ci , ((~ a m o u n t s  to

Irlaxl r,r a ir ; - :

‘) 1 ( +l) (‘4-1) 1 ( ‘)
(2 . 11) ~: (t-I- -— )f (t) — F (t - *- - — ) f ( t )

n — l  2 n—l  2

over a l l  f F .  For f c F we e v a l u a t e  ( 2 . 1 1)  v i a  ( 2 . S )  as

( 2 .1 2 )  
~ 

A f(v) + L K ( S ) f (n )  
(S)US “ 

~~~~~~~~ 

f A 1  ~ ~ nn 
K ( s )  ld s

wh ere the i n e q u a l i t y  f o l l o w s from c o n d i t i o n s  ( 1 . 1 )  d e f i n i ng  t h e  c lass  F . Clearly

eq ; , i l i t y  occurs in ( 2 . 12 )  i f  and o nly  if f s at i s fi e s  both

-9-
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f (V ) = signum

and

n ( a )  C ~ si ynuu’ur K ( s )  a .’ .

But by , er ;l’ar r u g  I i .  3) w i t h  ( 2 .6 )  , we see t h a t  these l a s t  t w o  ;-o~~,l i t i o m ; - a t e

sa t i s f i e d  by the  E u l e r  spi inc  F , and in  f a c t  these  coi;d i t io t i s  c h a r a c t e r i ze  So

(2.11) i s  t : ;ax im i z e d  ;ct;en f ( s )  I F (s )  . This  impl ies  t h a t  the p a ir  (F~~~ (t ),n n n

is on the b oun3ary  of A . ,  and as we vary t we generate the e n t i r e  boundary . We

men t ion in i-’ cc i icJ t h a t  the r at  ic,

(t4
a n-i  2

— 

~~~~n-l 2

t a k e s  on every  e xt c ; ; i e d  real  v a l u e  and so m a x i m i z i n g  ( 2 . 1 1 )  g ives : ;U Ol ’n ;r t  i n g  l i m ; i ’ : -  i n

every pan-aii ;io d irc -ct io n .  /1/

Front I N . - u n i q u ’ - r a -  na  t ’omn ;r -r ; t  a made  e t ’ - O t  i n  the  proof of ‘l’hec’rcn. I , we obta i i .  I I to

f o l l o w i n g  r e ; r , ; r h - , b ; b  i t o ; - , ’i  I y of the Euh,’r s
~

l m e :

Cor ol I t i n’ - F; ’ ‘ -urn ’’  n > 3 i i i  f C F . The +‘;ba.i I ion’;
— — - S

f~~
) 
U) = ~~( J )  

I t )

U~~l )  
( I )  = ,<

(j4 1 I 
U’)

(‘an Occ;Ir  a na i l ; - ‘v - , a ‘a’’- ~~- ‘ ;  r b  t o n l y  i f

f(s) F (s)
S

for all c. ‘1 a. 1~ j  0 ‘a- ’ ’ : - : r I n , h ; ’  f r - r n  . u i  1 : - e r  I ;; ‘r; i r a’  j u t  i- - r ,; l v a l ’, + ’ n ’  f t .

In 0 1 ) - c  ;- - o;h: , t b - , - (no r (f~~~ ( I ) ,  f
( 3 4 l )  ( t , ) )  i s  a lw a y ’  i n  I I ; - ; r , t i n o o r  of A .

unless 1 i s the K.; in i: r I b  i ; , r -  F in which ; c-an. ’ the ; ,. i r  ic - always c i ;  t he  b .aua h i ry  of
n ~~~~~~~~

- —-  — - - - 3

— 10’ 
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§3. A c o n s t r u c t i o n  of t he  formtuulos of ’l’hecirem 2.

We w i l l  c a r ry  out  the c on s t r u c t i o n  fo r  n even;  fo r  the case of n odd , sma l l

v a r i a t io n s  are necessary.  Our m a i n  task is to c o n s t r u c t  K ( x )  w i th  the proper t ies

g iven  by ( 2 . 6 ) .  The f o r m u l a  ( 2 . 5 )  then emerges e a s i l y  by i n t e g r a t i o n  by pa r t s .

There are  two m a i n  tools involved in the c out st r u c t i o u ; , tools f rom the theory of

c a r d i n a l  t 3 j I i ; ; c  f u n c t i o n s . Our r e f e r e n c e s  for th i s  m a t e r i a l  a re  (9 ]  of Schoenberg and

( 1 ]  of nI ’ S ini:’or”SaI ;ai ’;; h. et ’g to which  we re fe r  the reader fo r  d e t a i l s ;  a lso  to ( 5 )  at ;d if ’ )

where C. A. t - h i c c l i e l i i  has  devclopr.d some of those metluods  t,o p r o v i d e  an “opt imal

es t ima to r ” fa r  f’ (t)

The e r q e u a ; - i i ’ , v ’ :- . Titer - c- a r ,  card ina l  Sp lines S s a t i s f y ing  the f u n c t i o na l  eqaa t  ion

S(x +1) = 31(x)

The r ;ua ,l ’e ; ’ A is a C i  led tb ,  e ig en v a l ui,t .  We need two c la ssos  of such c i ge nsp l in e n ,

tha-se V a i t  i S ) ;  j t i9 a t  the i i m t u n ;  or :; U and also  t l;orji a w h i c h  van ish a t  the points v +

in N ” ) ) ;  a’a:;, s H;, k ; c ’tS  ,a r ; ’  t,,, h ’ < -  a t  the i n t ea c - ra .

When ri 2m i ) ; c ’  <1 i’- ; r i - C  ( if  K is 2m — I and ai” n’ot d~~n~ to ( 2 . 6 )  K mu a t  have

s ign ;  : h ; , i n - b ’  n , a t  V + ~
- for <-vi i y ir ;t;- - ;er V . We f i n d  in  (9]  2m — 1 ei q o nv a lu c - ; ;  I;

Ii < ... < t ;  < l ~; “l~~~- I i  ~~ ...
< t t  < 0

1 rn — I us s i ll  2m— ]

and ar t  i - a l  -‘ nd i n - , ‘ -  : - ; -  i -  ;

( 3 . 1 )  S. (x), i I 2m — 1

of d r  - g  - i -  It.; — 1 sat  i s  I v ’ ; ;

(1 .11 

= 0

in , ( x 4 1)  = ;, , S , (x) lois a l l  x
1 1 1

K. -  a - I -  t h at  fc.r i “ us 4 I 2m — 1

lint 5 (x) = 0
1

.r ; - l I’ r l i i i ; .  r i - - ‘ ; - - u ;  $ t i -so  S . (x) , (i = ciii ,... ,2m— 1 ) a r e  sen ie ti tnes  c a l l e d  the “d e c r e a s i n g”

C i t e s : - )  I i ris. .‘c’-~- ;, ; the c ;- ; ;;: ;-I b ur n , (‘1.1) , 1 (x) i t ;  t I n  o n l y  one w h i c h  is lo is-n - lcd .

—11—
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Whet ; n 2m 4 1, we a i i m  finni (‘I) 2m — 1 oi ycnvaluet ;

A < ... < A < A  = — i < A  < ... < A < 0
1 m— l rn ni+l 2m—l

and cortesponding eigenspl i nos

(3 .1) , 5 (x) , i = 1 2m — 1

of degree 2m satisfying

S.(0) = 0

(3.2), -
S. (x + l )  A S , (x )  for  a l l  x

1 1 1

The ‘3 -Fourier Theorem fot - s2~~ines . For a givet; Spli ume futict ion f , we let

denote the nuir~bcr of zeros of f , cou n t i ng m u l t i p l i c i t y , on the open ; ; ; t e r v a )  (a , ) - ) .

If I is of degree n , f~~~ is p iecewise  cons tan t  and Z ( n )  (a , b) is d e f i n e d  act t h i ’
f ( )

number of strong s ign changes  on (a ,b); thus an i nt e r v a l  where  f v a n ish e s

i d e n t i c a l l y  is iqnt ored . In  a d d i t i o n

S ( f ( a )  f
(S) ( a ) )

denotes the numb er of si gn c l ;anqes  in the  r ;equence f ( a )  f~~~ ( a )  w i ;cre  zeros ar e

ignored . Similarly ,

S’
~ ( f ( 0 )  f

( S)  ( a ) )

coun t s  the  si gn; changes w i t h  zero : ’  t,~kt ti positive or negative cc a:; I ; ’  n - - i ) : ) m i z . ’ the c’ ’;rnt, .

W i t h ;  these  no tat ion s  we s t a t e  lb; . u s e f u l

Theorem . A~~suns e t h a t  t he  up )  i n c  I m a  of pro ;’;  it 1.-er i - i -  ma and h~~s a f i n ; i  t it ‘;u ~’) -

of s imple  kno t s  in  (a , b) - TI ;eu ;

(3 .3) 11 (a , b) < z (a , h) + S ( f  ( a )  f
(S) ( a 4 ) )  - S~ ( f ( 1 - )  ( I ; - ) )

f — 
f

( n )

There at- c- many  r c f er enc~~s to t h i s  r e su l t . ;  perhaps the  ir ,est ‘i - ; - i ’  a s m t ’ l ’ -  for  t ime ;.r i - t a i t t

purposes is 11)  or (6)

The use of t ime hu:l cmn — }’ ou rj . :r  ‘ii  “c i te  ii; t h e  pr c- -c’ n ; -e of i i  g(.;i;;~ .) i t ies  it :  l ’ery such

f a c i l i t a t e d  by the f o l l o w i n g  pn’oposit, ioi wh ich  p l a y s  a ve ry  I ;- ‘j r ’r t a ; ;t  i c - h o  in  our

cons t r u c t  ion.

— 1 7 —  
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(‘ t ’ i ’ ; ’ e - t t ; ’ ;t . 1. ‘It s  +“ m - ~~ t , -~ l i t s a S I x )  ‘if (‘1.1) - - i ’ ; - , t - , ‘ - F  .- ‘,‘‘‘tY t n t - i ’ - !  V

S ( S , (c i , ) . 1 ~ o h )  
~~~~ I )  = i - I

m 2 m 2
(3.4)

S
4

(S , ( v +  I 5 ( 7 m - l )  ~~~ 1
) )

1 2 2

2. Th~’ , ; q ; n t ’~~) i , s ,; 1 ( x )  c f ( 3 . 1 > , ‘, ; t i ; - t y I - c  -v e r y  l n I . ; , - r  v

S (S  ( v )  
Urn) 

~~~~~ =

( 3 . 4)
S~ ~~~~ (ci) ~~(2m ) 

~~~~~ =

The l ’ L ; ’ ) - _ ’.- ; i t ; o u i  i f l - - ’ a i n ;  i t t  ( I )  S i n )  ,ii :; ;- )6); it iS ~ r o:’.-d on t in l m a : - ; s  u b  the

Gantn ; , j i -br -;  — K r c i  n -
‘ i , ’;  . a on ;‘t ;ns i i  1,~I ;-  ‘ii  tn ,;t r  i c - n - :

D et e r i r - in r i t i ; ;  t he  I, . -: ; ; ‘  l K ( x )  . -r ’ t n In , in - 2 .  F i x  j an ;d t as i n  ‘l’heon-ein 2.  For

s im p l i c i t y  we ar c:;:’: 0 < I ; t b ’ ,;; ly  t h i s  i t - ;  t , ‘:,‘;;t,; i a  i - r n , ; , ’  ; ; t  i s )  r e s t r i c t i o n .  Also

if j = 0 we .’x ’ I’;- i - ’ I = 0 ~o; ;ii c l ic , , t .-i jr 11 ,; m ’ r ’ ; . r l r  f o i l , ’ w i ; ; n t  t h e  st a t ement  of

Th.’orc-m . I c i t

rK i ( x ) 
~ a . ” ( x b  -+ 4 k - ( x ~~t ) 2

~~~
l
~~~ - + C ( X _ I ) ~~~

m 2 3
, ~ < ~

( 3 . 5 ) K ( x )  -

2 u , i— l

~ a
1

t1
1 

( x l . x
1 - it : I I

for  an ; i ~~; - t m , : f -  n I u - ; c i ’  c - i — I t t ’-  2m 4 1 j ’.i n i ;: - - t  - n  

a , ,.i ,b- ,d’)1 r n — I  nr , 4 l  bus — I

to be d e t i ’r r n i t ; o l ~- ti - a ’ ’n ; t l y . h i t ’ -  that i n  ( i S) ia.- - b ; s (x), i l ,...,m — 1, is ex ti’ndcd

front t im e  i n t e r va l  ( — 1 , 0) I i .  ( — 1 , 1) w i t h o u t  a Knot  a t  0; in- t ad t h e  t e r m

piovider ;  t h e  kno t  .;t 0 fo r  K ( x )  . To check that K ( x )  is  w e l l  d e f i n e d  ( -y  ( 3 . 5 )  as a

s ingle  va lued  furs’ti.ot;, both; ;ii’f i n i t  ic ’s’ ; of N I x )  g i v e n  by N 1 
( x )  and K 2

( x)  n t n t - t  nor . ’ ;-

on the ove r l ap  ( t , l )  . So when r e s t r i c t e d  to th~ in t er v a l  ( t  .1), K
1 

(x ) and K
2
(x)

rnus t  be i d e n ti c al ly  lb .-  Sam p o l y n o m i a l .  E q u i v al et i t l y

K~~~~ ( t )  = K~~~~ ( t )  I. = 0 2m — 1

for any f i x e d  t w i t h  t < t < 1. A f t e r  a l i t - t ie r i ’n r r , ; u i ; ; : , , - i ; t , these c o n d i t ion :-  y i e ld

a l i nea r  system of 2m equa t ions  in the ~ n unknowns

— 1 3—
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{ a ,...,a , a , . . . ,a .b , c}
1 in— I mn4 l 2 mn—l

w i th  a r i g h t  hand s ide g iven  by the  te rm ax~ m l  eva lua t ed  a t  x t .

To d e ter m i n e  a s ol ut i o n  of t he  above l i n e a r  sys t em , consider  f i r st  the

homi~~genoous s y s t e m  u b t am n e d  by se t t i ng  a = 0. Suppose t her e  were a n o n t r i v i a l  s o l u t i o n .

Then t ime r e su l t  is a K (x) defined by (3 .5) on the en t i r e  axis but wit); no knot  at 0

since a = 0. Now i t  is e a s il y  seen t h a t  the sum

2m- 1
( 3 .6 )  K ( x )  = a . S ( x ) ,  x > t

irm4  I

is nontrivial. In ad d i t i o n , the f u n c t i o n a l  egua t i ons  ( 3 . 2 )  and the o r d e r i n g  of the cigc ’n—

va lues  ~t . tog e tt ; i ’r i m p l y  that fei  l a rge  v a lu es of t u e  argu ur i i - rm t  x the sum (3.6) is

dominated by S
1
(x). Thur from (3.4) with; ci ]arqe we b;an’e

+ 1 1 2 m — l  I(3.7) S (K(v-+ — ) , K ’ ( c i I  ~~) K ( u ÷  ) ) < rn + 1

S i m i l a r l y

(3.8) S (K (-n-f 
~~),K

’ 
~~~~~~~ ) K

2 m l (_V+ ~~~) )  < us - 2

Now usmng t h c t ; i ’  tw o  ,‘,;tirnatct;, we . i}:- ; ly  on each of the i t ; t e r v als  ( — n i  ,t ) and

(t ,v4 ) the Ic;;1.t, - h ’ a; t  ( ‘ - i s  Theorem ( 3 . 3 )  t n .  K I x )  g i v e n  by ( 3 . 5 )  w i t h ;  a = 0. When

the r e s u l t i n g  two i n equ a l i t ii’:; ,tr, ,idd~- ,i t o c t . ’ t I ; i ’ ;  , we ob t a i n

2v - 1 2 -c - I + S (K(t F) ,K ’ i t ’ )  K
( 2 m I )  

( t I ) )  — (K(t-) ,K ’ it-) ~~~~~~~ It—) )

( 3 .9) 4 ( m — 2 )  — (rn+l)

( 2v — 1 ~ 2 4 ( r n — 2 )  — ( s n i l )  = 2v — 2

Time sec ~id i n e q u a li t y  of ( 3 . fl f o l l o ws-  b ” - ,,i ;s--r ’ t h e  two seqitences

( 7 m — l )
X ( t + )  ,N ’ (t I’) ,.. .,K (t+)

K It - )  , K ’ ( t - )  , . . ., K 
(~~~-1)  

It-)

can d i f f e r  (b y ( 3 . 5 ) )  o n l y  i n  two consecut ive  ont m ie s ;  l i e n ;  .- time corresponding difference

in (3 .  ‘I) iS  at m et-i 2. Now (3.9) is a n-on t o  a;hitc tic’mi , im j i l y  i t ; ’ t h a t the homogeneous

system im a s on ly  t i me  t r i v i a l  s ’lu t i o n .

— 1 4 —



N - a  set a 1 and so ebtait; a u n i q u e  N I x )  d e f i n e d  by ( 3 . 5 ) .  To t h i s  f u n c t i o n

K ix ) ~~~
. ,;q,u t~i app ly  the above ar q um~’nts leading to (3.9) hut now with th~ one ch ange

thu t 0 i s  a ks. ’t  . fb;c’ r,’a i;lt , v a l i d  f o r  a l l  l a rge  in t e , l er s  v , is

(3.10 > 2< ’ — 1 < 2 ’.’ + 2 F ( m — 2 )  — (rn+1) 2v — 1

So we r :cr ’ :c  l~ tv . ’ e’ n I U ’ ;j  ity i n  ( 3 .  10) w h i ch forces  e q u a l i t y  i n  ( 3 . 7) and ( 3 . 8 )  . From the~ i’

i’;pi ,;) i s  los S c , , : ; ;  i -Pl y h - ; ’j v ~ ~ 1l th e  ~~; o~ ti e , , ass, ’t t i - c l  fl; t:(x) i i i  Theorem 2.

i’ro ; - i ; t ; i ’ - <‘if  ~~ ‘~~~) . i i )  of ( 2 . ; )  is- ; l c c x  f r e t ; ;  ( 3 . 5 ) , as is t i m e  ( .x 1;c i f lent ; , I l decay of

K ( x )  - l’r c ,n t  ( I I )  ,it;d (.t .h )  , K (\’f ) = 0 for  a l l  i t ; t i ’ ; ’r:; c i;  that thet;o zei’ os a l e

snrtj.] ;- , .;r .;’n n b a t  K I x )  t i : ,, t ic ’  o th . ’r r n - n ; ’ : ; , f a ll  us’s f r o m  ( 3  .10) . Thus K Ix) chanye~

s ig n a t  i -n i h p: i t t  ci 4 -

t n t  : ; : . .  Pt .1 0) , K 
( ?n ;— l  

( x l  :- ;;, ;t  change sign ,icross every integer .,;i;b when

j  I t i , , - s r -  ar ’ -  c l - - n  l y  t b l (  c ’ n i 1 ~ ’ n , i g t ;  ; - b i : ; n ’te: ; < , f  K
Um 1 )  ( x l . For j  = 0 t i , ’r e  is a

a;  pm i - b;  i t - - i . ’ a )  I , I - i t  s t  w i l l  ‘ - I j m j ; , , ’ i t ’  I i , ;  ixissi ’ i i :  ty e l i o t  I l y .  r o r r n ;t l a

( 2 . 5) s — c -  ; ; j ’ - :  :~~‘ ; ; , l ,  - t n , 5 0 - n  Ity ; , ; u i :

J Y l x )  f~~~~i u )  
( x ) . i x

‘i’);;;’ t b , - .\ of ( 2 . 5 )  i ; ’ ’ - : ~~~“‘ a

( h i t — i ) ( ‘ln, — l  I
( 1 . 1 1 )  A - ( F  (~~~‘ )  - F ( c - - ) )

Sn

( 1 , 1 ; ’ )  t ; t r i e P l ’~’ I t ’ ;  t ; , i l ” - - i i  s i n ; ;

a nd s. - i ,  r -  i i  I z 1

n ; l ’ n r ;  A
0 

. 0

‘ F l i r t -  nm , i i ; ’ i l : . : , i t ’ i _ ’t i  O 1 n ’ -

I )  ( x )  0 for  -l < x 0

hn ’ - H I x )  ~ (I 1 i -7 ’.’ — I x < —2 v

in ; - ~ i i  I i , ’< ; l - ;  F

(3 .13) ~~
(
~~
h n f l  ( -2 v- ) ~ 0

-15—
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Now e q u a l i t y  in ( 3 . 8)  combined w i t h ;  (3 . 12 )  y ie lds

I ni-2 in
(3.14) sign K ’ ( — 2 v — ~~~) (— 1) = (—1)

So

( I ) inK ( x )  ~ 0 for -2v  — 
~~

- < x ( —2v 4

and dun’ to the  s ir np l i ’~ y of the zeros of K ( x )  we f i nd

m+v 1 1
( 3 . 1 5 )  -1) K (x) > 0 for v — < x < v + -

~~

valid for all V . Tt.,s =‘ .ab l i shmes  i i i)  of ( 2 . 6 ) .

Conce rn ing  the case j = 0, we see from (3 .5) that K has a double knot at t;

t h i s  a l l ows  a p:-m s ; r i h l c  change  of s ign  in  K
(2in U at t, and we mutt eliminate this

possibi lity in order to pi- eserve (3.12). Given the sign changes of ~~~~ 
1) 

at every

i n t e g er , a sign change at t would entail

(2m—1 ) I
K (2u- -~- ) < 0

for I a n  ,j e p o s i t i v e  ci . Fo l lowing  the  same l ine  of r e a son ing  which  resu l ted  in ( 3 . 1 5 )

we w o u l d  a r r i v e  .it

m-IV 1 1
( — 1 )  K ( x)  < 0 for v — 

2 
< x < ci +

(“ m— 1)
This c o n t r a d i c t s  ( 3 .15) ; l ;c ;i - ’e there  is no sign c l u a n q i ’ of K ~

‘ at t.

Thus we have e st 5 b l i s h ed  f o r m u l a  ( 2 . ! . )  w i t h  a r i g h t  hand  s ide  descr ibed by ( 2 . 6 ) .

From ( 3 . 5 )  and the i n t e q ra t i on  by p a r t s , i t  it ; clear that the left hand s i de  of our

f o r m u la  i s  of t l i ,~ fo rm

( t )  + 8f
( J + l )  

It)

We imave y e t  to det e r m i n e  ii and B, or more p r ec i s ely  the  r a t i o  B/cm , as our

f o r m u la  is det e rn i i  t ied o n l y  up to a m u l t i p l i c a t i v e  constant .

R e c a l l  the sets A .  of ~3 . For every s

(1i
~~~~~~ (s)  ,1’.

,(j”l) ( s)  I E A ,n n j

and in fact on the basis of all the proper t ie s  (2.6) of f o r m u l a  ( 2 . 5 )  and the correspond-

ing  proper t i e s  ( 1 . 3 )  of E (s)  , we can a l r eady  coum clud , ’  as in  §2 t ha t

—1 6—



C ,
~ ~. ( i 4 l )  

( u ) )  ( ~A ,
n it J

W; tlu

( ‘ Ix / ~ ( s ) ,  y = 7 ’  (a)
n 0

we find

, ( j + 2 ) ( j i l l  1
dy / ~- ( a )  

~~ ( i ~ -4 - -

= 
~~~~ in>.. n n -I  

~2 -dx / 
- .  ( • 4 l )  ~, (j )  

1 4
n n—I 2

And from Fiqu u. ’ 1 i t  is c l ear  th at

ci dy
B 

— 
dx 

s=t

So we have ~ = (t 4 
~

- ) and a = ~ (j+l) (t+ 1
n—i 2 n—l 2

The odd case n = 2m + 1 is s e t t led  in ;  ex a c t ly  the sam e way with the even degree

eiqen spl m rm es S . ( x )  g i v e n  by (3.1) , and (3.2) , r e p l a c i ng  the  S . ( x )  . One then ar gues

on the i n t ; ’ i ) c ’ r I x i i n ; t t t  x = ci , as i n d i cat e d  by ( 3 . 4 ) , .

Ackiiow1n’di~. rm-,;t . I w o u l d  I I k e  to t }m~~nuk P r o f i ’c u t ’n  Y a r l  de Boor and Dr .  A l l a n  l ’i nku s ,

both of the 11,; I I ; ,  n i t )  ; ; - ; ;  Resea rch;  Cente r  s t a f f ,  for seven al  helpful conversation;; s -h i  I s -

t h i s  work was in p r o - J n i -:~:. .
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